Brualdi et al. introduced the concept of poset codes. In this paper, we consider the problem of classifying all perfect linear codes when the set of coordinate positions is endowed with crown poset structure. We derive a Ramanujan-Nagell type diophantine equation which is satisÿed by parameters of perfect linear P-code. Solving this equation, we characterize parameters of one and two error correcting perfect linear P-codes.
Introduction
A code is called perfect if the spheres of the same radius centered at the codewords cover the whole space without overlapping. The problem of classifying all perfect codes is one of the basic research problems in coding theory, and it still contains many interesting unsolved problems. One drawback in the theory of perfect codes is that perfect codes are very rare. In 1995, Brualdi et al. introduced the concept of poset codes. Let F q be the ÿnite ÿeld of order q and F n q the vector space of n-tuples over F q . Let (P; 6) be a partially ordered set of cardinality n. A subset I of P is called an ideal if x∈I and y6x imply that y∈I . For a subset A of the poset P, A will denote the smallest ideal of P containing A. We assume that P ={1; 2; 3; : : : ; n} and the coordinate positions of vectors in F n q are in one-to-one correspondence with the elements of P. Let x =(x 1 ; x 2 ; : : : ; x n ) be a vector in F n q . The P-weight of x is deÿned as the cardinality w P (x)=| supp(x) | of the smallest ideal of P containing the support of x, where supp(x)={i∈P: x i = 0}. The P-distance of the elements x; y∈F n q is deÿned as d P (x; y)=w P (x − y):
If P is an antichain in which no two elements are comparable, then P-weight and P-distance are Hamming weight and Hamming distance of classical coding theory. It is known [1] that the P-distance d P (:; :) gives a metric on F is called a poset-code. If the poset-metric corresponds to a poset P, then C is called a P-code. In particular, if C is a subspace of F n q of dimension k, then C is called an [n; k] poset-code. If d P is the minimum P-distance between distinct codewords of C, then C is called an [n; k; d P ] code. Sometimes it is necessary to view C as a code in the Hamming space. We use the notation [n; k; d] H code to denote a linear code of length n, dimension k, and the minimum Hamming distance d. Let x be a vector in F n q and r be a nonnegative integer. The P-sphere with center x and radius r is deÿned as the set S P (x; r)={y∈F n q : d P (x; y)6r} of all vectors in F n q whose P-distance to x is at most equal to r. The number of vectors in F n q whose P-distance to the zero vector is exactly i equals
where j (i) denotes the number of ideals of P with cardinality i having exactly j maximal elements. Therefore the number of vectors in S P (x; r) equals
We say that C is an r-error correcting perfect P-code if the P-spheres of radius r centered at the codewords of C are pairwise disjoint and their union is F n q . One merit of the theory of poset codes is that it gives many interesting perfect codes which are not perfect in the classical sense. Perfect codes, for which the coordinate position set is a disjoint union of chains, are studied in [1, 2] . In this paper, we consider the problem of classifying all perfect linear codes for which the coordinate position set is endowed with a partial ordering which we shall call the 'crown'. The crown is a poset with elements {1; 2; : : : ; 2m}; m¿2, in which i¡m + i; i + 1¡m + i for each i =1; 2; : : : ; m− 1, and 1¡2m; m¡2m and these are the only strict comparabilities. The crown can be illustrated as in Fig. 1 .
Let C be a perfect P-code of length n(= 2m), of dimension k, where P is the crown on {1; 2; : : : ; 2m}. We ÿrst derive a diophantine equation which is satisÿed by the parameters of C which comes from the sphere packing condition. Solving this equation, we obtain a necessary condition for perfect linear P-codes. Next, for all parameters of one or two error correcting codes which satisfy the necessary condition, we check whether there is a perfect code with the given parameters, and characterize parameters of one or two error correcting perfect linear codes. In the sequel, we will use the following notation: for a vector x in F 2m q ; x L (resp. x R ) denotes the vector in F m q consisting of the left (resp. right) half of x. Sometimes we will write x =(x L ; x R ).
The case of 1-error correcting perfect linear P-codes
Let C be an 1-error correcting perfect P-code over F q of length n(= 2m), dimension k, where P is the crown on {1; 2; : : : ; 2m}. It follows from Eq. (1) that every P-sphere of radius 1 has 1 + (q − 1)m vectors. Since C has q k codewords, we have
. This proves that every 1-error-correcting perfect linear P-code, C has parameters [2m; 2m − l] where m =(q l − 1)=(q − 1). Proposition 1. Let l¿2 and m=(q l − 1)=(q − 1), and let
where I m denotes the m × m identity matrix and G l denotes a generator matrix of the [m; m − l; 3] H Hamming code over F q . Then the code with generator matrix G is an 1-error-correcting perfect linear P-code with parameters [2m; 2m − l; 3].
Proof. We need to show that the P-spheres of radius 1 centered at the codewords are pairwise disjoint. Since the P-distance is a metric on F 2m q , it is su cient to prove that the minimum P-distance d P (C) of C is 3. Let x∈F 2m q be a codeword of C. Then x L is an element of the Hamming code and x R is an arbitrary vector in F m q . If x is nonzero, then either x L or x R is nonzero. Therefore d P ¿3.
We summarize the preceding discussion in the following theorem. Theorem 1. Every 1-error-correcting perfect linear P-code over F q has parameters [2m; 2m − l], m=(q l − 1)=(q − 1) and l¿2. Furthermore, for l¿2, there exists an 1-error correcting perfect linear P-code over F q with parameters [2m; 2m − l; 3].
The case of 2-error correcting perfect linear P-codes
Let C be a [2m; k] 2-error correcting perfect P-code. It follows from Eq. (1) that each sphere of radius 2 has
vectors. Since C has q k codewords, we have
The binary case
When q = 2, Eq. (3) becomes m 2 + m + 2=2 l+1 . Solving the quadratic equation, we obtain m=(−1 ± √ 2 l+3 − 7)=2. Since m is an integer, the value 2 l+3 − 7 is a perfect square. Therefore we obtain the diophantine equation
Ramanujan observed that Eq. (4) has integer solutions when l =0; 1; 2; 4, and 12 and conjectured that these are the only solutions. This conjecture was solved by Nagell [4] Proof. It is su cient to show that the P-spheres of radius 2 centered at the codewords of C are pairwise disjoint. Note that w P (x L ; x R )¿3 if x R is a nonzero vector in F
The code C with generator matrix G is a 2-error correcting perfect linear P-code over F 2 with parameters [10; 6; d¿3].
Proof. It is easy to show that the rows of G are linearly independent so that G deÿnes a [10; 6; d¿3] code. Suppose that there is a vector v∈F Proof. Suppose that there is a 2-error correcting perfect linear P-code C with parameters [180; 168]. Let G be a generator matrix of C and write G =(G L |G R ) where G L (resp. G R ) denotes the left(resp. right) half of G. Since G R is a 168 × 90 matrix, G R has at most 90 linearly independent rows. By elementary row operations, we obtain a 168 × 180 matrix G which is row equivalent to G and which has at least 78 zero rows in the right half part. Let (r 1 ; 0); (r 2 ; 0); : : : ; (r 78 ; 0) be rows of G whose right half parts are zero vectors. Since all rows of G are linearly independent, r 1 ; : : : ; r 78 are linearly independent. Let G be the 78 × 90 matrix whose rows are r 1 ; r 2 ; : : : ; r 78 , and let C be the linear code with generator matrix G. We claim that C is a 2-error correcting perfect code with parameters [90; 78] with the antichain poset structure. Since | S H (0; 2) |=1+( Note that c is a nonzero codeword of C and S P (0; 2) and S P (c; 2) has nonempty intersection. But this is impossible by the P-perfectness of C. This proves our claim. However, from the classiÿcation theorem [3] , it is known that there are no 2-error correcting perfect linear codes with parameters [90; 78] with the antichain poset structure.
We summarize the preceding discussion in the following theorem.
Theorem 2. Every 2-error correcting perfect linear P-code over F 2 has parameters [4; 2] or [10; 6]. Moreover, there is a 2-error correcting perfect linear P-code over F 2 with the given parameters.
The ternary case
When q = 3, Eq. (3) becomes the diophantine equation
We can solve Eq. (5) by means of a similar technique used in [5] . 
] is a unique factorization domain, we have
We consider the following two cases. Case I. l =2t; t¿0. Eq. (6) becomes
where
By comparison of real parts of (7), we obtain
If ±1 = (−1) t , then Eq. (8) becomes
Since the right-hand side of Eq. (9) is divisible by 4, we have ±1=(−1) t , and it follows from (8) that
Therefore we obtain
Note that 2 (
2 ) = 2, where 2 (m) denotes the 2-adic valuation of m. We claim that
Actually we have
Note that
It follows from our claim that the term Case II. l =2t + 1; t¿0. In this case, Eq. (6) can be written
where a(t); b(t) are the same as in (7). By comparison of the real parts,
If ±1 = (−1) t , then we have
Since the right-hand side of Eq. (12) is divisible by 4, we have ±1=(−1) t and Eq. (11) becomes
We claim that in Eq. (13), all terms in the summation symbol have 2-adic valuation bigger than 2 (4t(t − 2)). The term (
2i ; i=2; 3; : : : ; t=2 , can be treated as in the previous case. Next we consider the term ( 
This proves our claim. It follows from our claim that the solutions of Eq. (13) are t = 0 or 2. And these values correspond to (m; l)=(1; 1); (11; 5). This completes the proof of the lemma. 
Then the code C with generator matrix G is a 2-error correcting perfect linear P-code over F 3 with parameters [22; 17; 3].
Proof. It is su cient to prove that the P-spheres of radius 2 centered at the codewords of C are pairwise disjoint. Suppose that there exists a vector x∈F 22 3 such that d P (x; 0)62 and d P (x; c)62 for some nonzero codeword c. Since d P (x; 0)62, x R =0 and x L is a ternary vector of length 11 of weight less than or equal to 2. Since d P (x; c)62, we have c R = 0 and c L is a nonzero codeword of the Golay [11; 6; 5] H code. Thus w H (c L )¿5 and consequently d P (x; c)¿3, a contradiction.
We summarize the preceding discussion in the following theorem. where a 1 ; a 2 ; b 1 ; b 2 ∈F q and a 3 ; b 3 ∈F q \{0}. The code C with generator matrix G is a 2-error correcting perfect linear P-code over F q with parameters [4; 2; d¿3].
